We present a conceptual approach to quantum tomography based on first expanding a quantum state across extra degrees of freedom and then exploiting the introduced sparsity to perform reconstruction. We formulate its application to photonic circuits, and show that measured spatial photon correlations at the output of a specially tailored discrete-continuous quantum-walk can enable full reconstruction of any two-photon spatially entangled and mixed state at the input. This approach does not require any tunable elements, so is well suited for integration with on-chip superconducting photon detectors.
We present a conceptual approach to quantum tomography based on first expanding a quantum state across extra degrees of freedom and then exploiting the introduced sparsity to perform reconstruction. We formulate its application to photonic circuits, and show that measured spatial photon correlations at the output of a specially tailored discrete-continuous quantum-walk can enable full reconstruction of any two-photon spatially entangled and mixed state at the input. This approach does not require any tunable elements, so is well suited for integration with on-chip superconducting photon detectors. A key benefit of quantum systems is that their information capacity scales exponentially with the system size. However this also presents a challenge, as fully characterizing such a system requires a correspondingly large number of measurements. Many measurements are required for two reasons. Firstly, the result of a single quantum measurement is probabilistic, so to get information about the underlying density matrix, the same measurement must be repeated many times on near identical states to calculate expectation values [1] . Secondly, the density matrix exists in a high dimensional space that cannot be fully accessed from one set of measured expectation values. Thus to characterize the density matrix a variety of linear transformations are usually applied to the system to measure many different expectation values. Generally to characterize a set of N qubits the measurement system is reconfigured to realize 4 N different linear transformations, and expectation values are measured after each [2] . For example the density matrix of a pair of polarization entangled photons can be found using 16 different measurement settings realized by rotating a series of wave-plates and polarizers [3] .
In this Letter we show that reconfiguring the measurement setup is actually not necessary for quantum state tomography. We demonstrate that one specially chosen static measurement setting is sufficient to fully characterize unknown density matrices. This insight means that the usually complex and error sensitive tomography process is simplified and noise introduced when reconfiguring the measurement setup is avoided. This can be applied to make quantum state tomography more accessible in many different systems, from trapped atoms [4] to quantum states of light [5] . Furthermore, this could facilitate quantum tomography in situations where it was previously too complex to be practical.
Our approach is inspired by compressed sensing. Conventionally in compressed sensing it is assumed that a signal is sparse in some basis, and this knowledge allows reconstruction of the signal from fewer measurements than suggested by the Nyquist-Shannon sampling theorem [6] . This can be exploited for sub-wavelength optical imaging [7, 8] and could be applied for fast tomography of near pure quantum states [9] and quantum process tomography [10] . It has also been shown that knowing a quantum state is sparse can facilitate characterization of three-photon quantum states just by measuring twophoton coincidences [11] .
However the assumption that a system is sparse is not valid for arbitrary quantum systems. Our key suggestion is to first force the unknown system to become sparse, and then apply a compressed sensing-like approach to tomography. We achieve this by applying a linear transformation to the system that maps it to an increased number of modes [ Fig. 1(a) ], thus turning it into a sparse system. Careful choice of this transformation allows imaging of the full complex valued density matrix just from measuring one set of expectation values after the transformation. Thus the mixed quantum state can be fully characterized with a static measurement setup.
Here we illustrate our method by focusing on performing tomography of spatially entangled photon pairs. The transformation we will use to introduce sparsity is a hybrid of discrete and continuous quantum-walks. In the past quantum-walks have been realized using atoms [4] , ions [12] and pairs of photons [13] . They have a wide range of potential applications, from helping to explain energy transfer in photosynthesis [14] to providing a platform for universal quantum computation [15] and solving the boson sampling problem [16, 17] .
Specifically we consider hybrid quantum-walks within on-chip coupled waveguide arrays (WGA) [13] . It has previously been was shown that a WGA can be used to perform interferometry [18] [19] [20] , a classical analogue of quantum state tomography. Light can be coupled into a small number of waveguides, and the intensity measured at the output of the whole WGA. This allows both the phase and amplitude of the input classical fields to be determined, just from intensity measurements. The method also leverages sparsity (specifically, the knowledge that the input state was coupled into only a few selected waveguides) for full reconstruction of a complex valued input field from only intensity measurements.
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We develop the approach to allow reconstruction of the two-photon density matrix from measurements of twophoton correlations, employing a new class of WGA circuit realizing a hybrid of discrete and continuous quantum walks. These hybrid quantum walks map any input state entangled across N ports to a sparse state at the output M ports, where M > N [ Fig. 1(a) ]. This approach is distinct from conventional compressed sensing because, instead of assuming that the signal is sparse, we introduce sparsity to the signal in a controlled way using the hybrid quantum-walk. Therefore the technique is not limited to imaging sparse inputs, it is capable of reconstructing any mixed quantum state and thus forms a complete system for quantum state tomography.
The ability to perform quantum state tomography in a static and 1-D quantum walk circuit is particularly promising when considered in the context of on-chip quantum photonics. Using normal tomography in an integrated photonic chip requires thermally tunable phase shifters to be reconfigured to perform different measurements [5, 21] . The latest technological advances enable on-chip integration of highly efficient superconducting photon detectors [22] , however integration of multiple tunable phase shifters operating at low temperature remains an open problem. Our approach to tomography would have the advantage of being easily integrated with on-chip detection schemes since it requires no tunability. To demonstrate our approach to tomography, we first introduce the mathematical formalism to propagate a mixed quantum state through a quantum walk and take two-photon correlation measurements at the output. We consider a mixed state comprised of two photons propagating through a waveguide circuit. The net effect of the quantum walk on a single photon can be written as a linear optical transformation,Û [21] . This transformation will operate on the wavefunction of each photon coupled into the circuit according to |ψ out =Û |ψ in . For simplicity we assume that both photons undergo the same unitary transformation, but the following could be easily generalized to the case where each photon undergoes a different transformation.
The transformation operating on the joint wavefunction of the two photons (Ψ = i c i |ψ 1 (i) |ψ 2 (i) ) will read Ψ out =Û ⊗Û Ψ in . Now a statistical mixture of two photon wavefunctions is best described by the density matrix,ρ = j p j |Ψ j Ψ j |, where p j is the probability of the mixed quantum system being in state |Ψ j [1] . We see that under the transformationÛ the density matrix changes aŝ
(1) can be expressed as a matrix equation as shown in Fig. 1(b) . Here the input and output density matrices are written as vectors of N 4 and M 4 elements respectively, N being the number of input waveguides and M the number of output waveguides. The transformationÛ (4) can then be rewritten as a M 4 × N 4 matrix in a consistent way. At this point it is important to consider how the output state will be measured. Typically in integrated quantum photonics the measured quantity will be the correlations in the arrival time of two photons at any of the output waveguides [5] . This will give the probability amplitudes, Γ ij , associated with observing one photon in waveguide i and the other in waveguide j. Mathematically, expectation values of these probability amplitudes are represented by applying the measurement operator |j |i i| j| to the density matrix [1] , and accordingly Γ ij = i| j|ρ out |j |i . These amplitudes correspond to the measurement of only a sub-set of the whole output density matrix. We illustrate this schematically in Fig. 1(b) , where such measurable elements are highlighted in yellow. Our goal is to use these measurements to reconstruct all the elements of the input density matrix. Accordingly, we reformulate Eq. (1) by excluding the unobservable elements ofρ out ,
Here M Γ is a matrix containing only the rows ofÛ (4) that map the input state (ρ in ) to correlations (Γ) in the output mixed state. Now the problem of quantum state tomography can be formulated as follows; can the input density matrix, ρ in , be inferred from Eq. (2) given that Γ has been measured? To answer this question we first consider the di-mensionality ofρ in and Γ. There are generally M 2 different correlations which can be measured, each being a real number. The input two-photon density matrix contains N 4 elements, most of which are complex. However since it is Hermitian, it is fully defined by N 4 real parameters. For the tomography problem to be solvable, the amount of measured information should be equal to or exceed the number of unknowns, and accordingly we require M 2 ≥ N 4 . Furthermore, if the two photons are indistinguishable, which we consider in the examples below, due to additional symmetries the condition reduces to
This dimensionality requirement means that the transformationÛ must be a sparse one, mapping N inputs to M outputs with M > N . If the requirement is satisfied, then it is possible that Eq. (2) can be inverted to find the input density matrix. The inversion can be carried out using the Moore-Penrose pseudoinverse [23] ,
Here the pseudoinverse is defined as (
where a singular value decomposition is performed as
If Eq. (4) maps every possible set of correlations to a unique density matrix, then full quantum state tomography can be achieved simply by knowing the correlations, Γ, and (M Γ ) −1 . Of course, (M Γ ) −1 , the mapping back from measured correlations to input density matrix, is completely determined byÛ , the linear optical transform implemented on each photon before correlation measurement. This mapping must be carefully chosen so that Eq. (4) produces a unique solution for any measured correlations, making quantum state tomography possible.
We observe that continuous quantum walks in planar WGA's do not lead to unique solutions of Eq. (4), and thus cannot be used for tomography of mixed quantum states. Previous works with WGA's have been focused on recovering classical amplitude profiles and mutual coherence functions of classical light fields [20, 24] or the density matrix of quantum states where the form of the entangled part of the wavefunction is known a priori [11] . Furthermore it has been shown that recovery of the mutual coherence function requires nonlocal coupling in the WGA [24] , which can be achieved in a 2-D WGA. This result extends to quantum state tomography also due to the similarities between incoherent classical light and mixed quantum states. The use of a 2-D WGA may be undesirable, especially for the goal of fully integrated quantum photonics on a planar chip. Thus we develop a special type of optical circuit, combining a discrete time quantum walk with a continuous quantum walk. As we demonstrate in the following, such a hybrid quantum walk can allow full tomography of a two-photon state in a planar device.
An example of a linear optical circuit implementing a suitable hybrid quantum walk is shown in Fig. 2(a) . Here two input waveguides (N = 2) are split into an array of four, realizing one step of a discrete quantum walk. Following this the four waveguides form a coupled waveguide array (M = 4), with dimensionless length L = 3.76 and coupling rate C = 1. We note that the waveguide numbers satisfy the necessary condition in Eq. (3). This means the circuit has the potential to allow quantum state tomography just by taking correlation measurements at the output.
We use this circuit to demonstrate tomography of a mixed state comprised of 20 different pure states as shown in Fig. 2(b) . This way of representing the mixed state is used to demonstrate that the state is nontrivial, containing many entangled two-photon pure states. This representation of a mixed state was then used to calculate the input density matrix,ρ in , which is the typical (and most efficient) representation of such a state. We then propagate the density matrix through the hybrid WGA circuit, and model the output two-photon spatial correlations presented in Fig. 2(c) . From the correlation measurements the input density matrix is uniquely recovered using Eq. (4). The real and imaginary parts of the recovered input density matrix are shown in Fig. 2(d) , and we have verified that they exactly match the input state. Any experimental implementations of tomography will suffer from errors in the detection of photons, thus the tomographic technique must be robust. In Fig. 3(a) we show the error tolerance of the optical circuit from Fig.  2(a) . Gaussian error is added to the correlation measurements, then tomography of a random mixed state is attempted. The x-axis shows increasing standard deviation of the Gaussian noise, while the y-axis shows the mean least squares error in the tomographic reconstruction, each point averaged over 10000 attempts at reconstructing random density matrices. This shows that robust tomography of a two-photon state is possible in the presence of errors.
More generally the stability of the technique is determined by the condition number [23] of the transformation M Γ . A high condition number means inversion will be impossible in realistic situations, because errors in the measurements will be highly amplified in the recovered density matrix. In Fig. 3(b) the condition number of the transformation is plotted against the number of output waveguides and the length of the WGA. We see that for the case of only four output waveguides discussed above optimal choice of the length can give a sufficiently low condition number to allow tomography. Increasing the number of output waveguides can further reduce the condition number of the transformation. Although with more waveguides more single photon detectors are required, and the complexity of the device increases. Tomography of states with more input degrees of freedom is also possible. As an example, in Fig. 4 (a) we demonstrate a static optical circuit, which can be used to recover the density matrix of any two-photon mixed state coupled into three input waveguides. The circuit is again a hybrid quantum walk, splitting three input waveguides into six then allowing them to undergo a continuous quantum walk in a ten waveguide array. According to Eq. (3), eight output waveguides could provide enough information to be measured via correlations in order to determine the input density matrix. However we chose to use ten output waveguides to increase the robustness of the tomography to errors. The output correlations are shown in Fig. 4(b) . The reconstructed real and imaginary parts of the input density matrix are presented in Figs. 4(c) and (d) , respectively, and they exactly match the input state.
In conclusion, we have introduced a method of performing quantum state tomography that only requires a single set of expectation values to be measured in a static system, in contrast to usual approaches with reconfigurable elements. We have developed hybrid quantum walk circuits for spatially entangled photon-pair tomography, where the input state is reconstructed from output correlation measurements. This could facilitate on-chip quantum state tomography with integrated superconducting single-photon detectors and no tunable elements.
There are a diverse variety of other systems that could also benefit from this type of tomography. They include nuclear magnetic resonance qubits [25] , BoseEinstein [26] and exciton polariton condensates [27] , atoms [4] and ions [28] in lattice potentials. Quantum walks have been demonstrated in a number of these systems, making the correspondence to the two-photon tomography shown here quite direct. However quantum walks are not a fundamental requirement for this new approach to tomography. Our key concept is that a linear transformation can be applied to the system to introduce sparsity. Our approach shows how to design this transformation to map every possible density matrix to a unique set of measurable expectation values, thus enabling quantum state tomography.
